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Ionosphere lonization Effects on Sheath Structure
Around a High-Voltage Spacecraft

Mengu Cho*
Kobe University, Nada-ku, Kobe 657, Japan

The electric sheath structure around a cylindrical spacecraft whose surface is biased to a high positive potential
and surrounded by a water-vapor cloud in the ionosphere is studied. A small degree of ionization collision inside
the sheath leads to an explosive sheath expansion, because the electric sheath tries to compensate for the loss
of negative charge by attracting more electrons. An expression for the critical neutral density above which the
sheath explosion occurs is derived. For typical conditions, the critical neutral density lies between 1016 and 1018

m~3. Monte Carlo Particle-in-Cell simulation is done to check the validity of the expression. The simulation result
shows the expression gives a reasonable prediction of the critical neutral density with the least computational
time.

Nomenclature
B = magnetic field, G
E = electric field, V/m
L = characteristic length of system, m
m = particle mass, kg
n - number density, m~3

nnc = critical neutral density for explosive sheath
expansion, m~3

ftoo = electron density of ambient Maxwellian plasma, m~3

no = electron density at sheath edge, m~3

Q+ = net positive charge inside sheath per unit length of
cylinder, C/m

g- = net negative charge inside sheath per unit length of
cylinder, C/m

rp = cylinder radius, m
r.y = sheath radius, m
r = temperature, eV
v = velocity, m/s
Vd = spacecraft orbital velocity, m/s
DO = electron radial velocity at sheath edge, m/s
A.D = Debye length of ambient Maxwellian plasma, m
£ = nondimensional neutral density, nnatrp
a/ = ionization collision cross section, m2

(/)p = spacecraft surface potential, V
Xs = nondimensional sheath radius, rs/rp
o)pe = electron plasma frequency of ambient Maxwellian

plasma, rad/s

Subscripts

ai = ambient ion
e = electron
i = ion
n = neutral
p = plasma
r = radial direction
si = secondary ion
z = axial direction
9 - azimuthal direction
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Introduction

T HE use of high power in future space missions calls for high-
voltage power generation and transmission, typically higher

than 100 V. Operation at high voltage, however, causes serious
environmental interaction between the spacecraft and the iono-
spheric plasma. A key factor that determines the nature of the
spacecraft-plasma interaction is the floating potential of the space-
craft. The positive-potential part of the spacecraft conducting sur-
face collects electrons, and the negative part collects ions. At the
steady state, the floating potential of the spacecraft ground is de-
termined so that the ion and electron currents cancel each other.
Therefore, once we know a formula to calculate the electron and
ion currents for a given surface potential of the spacecraft, we know
the floating potential of the spacecraft. Despite efforts by many peo-
ple through more than three decades, we have not yet established a
fundamental theory of current collection by a spacecraft.

The parameters that we encounter in the present issue are the
plasma density (np), electron temperature (re), ion temperature (7]),
characteristic length of spacecraft (L), magnetic field (B), neutral
density (nn), orbital velocity (vd\ and others. The parameter ranges
of present interest are np = 1010-1012 m~3, Te = 0.1-0.2 eV,
7] = 0.02-0.2 eV, L = 0.1-100 m, \B\ = 0-0.5 G, nn = 1014-1020

m~3, and vd = 8 km/s. An extensive review on the subject of current
collection by an object in space plasma is given in Ref. 1. For the first
four parameters (np, re, 71, and L) a collisionless probe theory that
integrates the Vlasov equation including the self-consistent space
charge has been already established (see, for example, Ref. 2). If we
include the geomagnetic field, the theoretical treatment becomes
increasingly difficult, and only the case where the Debye length
approaches infinity can be analyzed theoretically. Beyond this, nu-
merical simulation is the only feasible method to predict the current
collection for a given set of parameters.

Besides the complex dynamics of parameter interactions, there
is a fundamental question yet to be answered, whether steady-state
current collection is ever possible. It is no doubt that the current
fluctuates with some amplitude and frequencies corresponding to
the basic plasma oscillations. However, we are not sure the fluc-
tuation is stable, especially when the spacecraft potential is high
and the spacecraft is surrounded by neutral gas cloud.1 It is not true
that the vicinity of spacecraft is high vacuum, especially when it
is emitting various neutral gases into space via thruster firing or
outgassing. One report shows the neutral density around the space-
craft can become as high as 1018 m~3 when the thruster is fired for
the attitude control.3 This number becomes higher at points clos-
est to the neutral contamination source. In such a situation, if there
is a mechanism that enhances the plasma current, such as ioniza-
tion or secondary electron emission from the spacecraft surface, a
large transient discharge current can flow into the spacecraft, giving
various undesired side effects on the spacecraft operation, such as
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electromagnetic interference or surface deterioration. The purpose
of the present paper is to study whether stable current collection is
possible when ionization collision within the sheath is not negligible.

Ionization collisions inside the sheath create additional pairs of at-
tracted and repelled particles. If the increase of the attracted species
is smaller than that of the repelled species, the sheath must collect
more attracted species to compensate for the difference. This dif-
ference occurs when one species stays inside the sheath longer than
the other as a result of various mechanisms, such as the mass differ-
ence between electrons and ions or trapping of electrons due to the
geomagnetic field. Then the sheath boundary expands outward to
collect more attracted species. If the increase of attracted species is
larger, the sheath boundary shrinks inward. The current flowing into
the spacecraft is the sum of the current from the sheath boundaries
and the current due to secondary particles created inside the sheath
via ionization.

Current collection by a positively biased spacecraft has been
studied by several authors in conjunction with high-voltage space
experiments.4"6 Cooke and Katz7 studied explosive sheath expan-
sion into unmagnetized ionospheric plasma. They analytically de-
termined the critical neutral density for the explosive expansion as

(1)

where a is an anode factor that accounts for the difference of the
spacecraft (probe) geometry. The anode factor is unity for planar
geometry. In Ref. 7 numerical simulation was also carried out with
a fluid simulation code for planar and spherically symmetric sys-
tems. But the determination of the anode factor for the spherical
case was left for more accurate evaluation. Ma and Schunk8 solved
three-dimensional fluid equations and the Poisson equation to study
the ionization surrounding a sphere held at a positive potential of
10,000 V. The result of Ref. 8 shows that a toroidal discharge oc-
curs around the biased sphere due to efficient ionization by E x B-
drifting electrons. For higher voltages, the toroidal discharge tends
to be more spherical. These results agree qualitatively with the labo-
ratory experiments of Refs. 9 and 10. In those experiments diffusive
volume breakdown between the chamber wall and the highly pos-
itively biased sphere was observed at B > 2 G and p > 10~4

torn Antoniades et al.11 attributed the breakdown to trapping of sec-
ondary electrons from the chamber wall by the E x B drift. So far
no space experiment has shown this phenomena.4'6

Cho12 studied a negative-bias case where an infinite-length cylin-
der whose axis is parallel to the geomagnetic field is surrounded
by argon gas. In Ref. 12, secondary electrons due to ion bombard-
ment on the conducting spacecraft surface are assumed. Then the
secondary electrons efficiently ionize the neutral atoms while they
undergo E x B drift inside the sheath. However, Ref. 12 neglected the
unsteady motion of sheath, in particular the effect of space charge
due to the secondary ions inside the sheath.

In the present paper, we study current collection by a cylindri-
cal spacecraft biased to a positive potential in the unmagnetized
ionospheric plasma. When the spacecraft surface is biased to a pos-
itive potential, it is surrounded by an electric sheath. We consider
a case where the Debye length XD is much less than the cylinder
radius rp, that is, the sheath is space-charge-limited. The electrons
that cross the sheath boundary from the ambient are collected by
the spacecraft, and the sheath boundary is determined so that the
negative charge inside the sheath cancels the positive potential of
the spacecraft.

When the spacecraft is surrounded by a neutral cloud and
ionization occurs inside the sheath, the secondary ions accumu-
late inside the sheath because they move slower and stay longer in
the sheath than the secondary electrons. The sheath boundary ex-
pands outward to compensate for the loss of the negative charge.
As the neutral density increases, we have more secondary ions, and
the sheath must collect more electrons from the ambient by extend-
ing the boundary further. Above a certain neutral density, we might
have infinite sheath boundary expansion, and we call that value the
critical neutral density in the present paper.

The same subject was previously studied in Ref. 7, and Eq. (1)
was given as the expression for the critical neutral density for pla-
nar geometry. But Ref. 7 does not address cylindrically symmetric

systems. In the present paper, we derive an expression similar to
Eq. (1) for cylindrical geometry, including the evaluation of the an-
ode factor a. We also examine the validity of the expression with
Monte Carlo Particle-in-Cell (MC-PIC) code, which employs fewer
approximations than the fluid code used in Ref. 7. For the present
case, the ionization probability within the sheath is much less than 1,
though sheath explosion is still possible. Then the current collected
by the spacecraft is linearly proportional to the surface area of the
sheath boundary, i.e., the radius of the sheath boundary. Therefore,
the study of the sheath radius is equivalent to the study of current
collection as long as they remain stable.

Initially, we will conduct an analytical study and calculate the
sheath radius for a given set of neutral density and other parameters.
We also will derive an expression for the critical neutral density.
Then we will use the one-dimensional MC-PIC code to check the
validity of the expression.

One-Dimensional Cold-Fluid Analysis
We first make a simplified cold-fluid analysis of the system shown

in Fig. 1. The system has a cylinder of radius rp at the center, and spa-
tial variation occurs only in the r direction. Between the spacecraft
(or probe) surface at rp and the sheath boundary at rv, the neutral
density nn is assumed to be uniform. The purpose of the present
analysis is to find an analytical expression that relates the sheath
boundary radius rs and the uniform neutral density nn.

Before proceeding to further analysis, we first clarify the mean-
ings of sheath, sheath boundary, and presheath as used in this paper.
When a sheath is formed around a positively biased spacecraft, elec-
trons are attracted to the spacecraft and ions are repelled. Outside the
edge of the presheath, the plasma density is n^, the temperatures are
Te and 71, and the plasma has no directed velocity, that is, ve = Vi = 0.
Charge neutrality holds in the presheath, though the plasma density
decreases gradually. We define the sheath boundary as the point be-
yond which charge neutrality no longer holds and the electron den-
sity is higher than the ion density. In the present paper, we consider
only the region between the cylinder surface and the sheath bound-
ary. The potential increases gradually from zero at the edge of the
presheath to a potential of the order of the plasma temperature (0.1-
0.2 eV) at the sheath boundary. Electrons are gradually accelerated
inside the presheath and have the Bohm velocity ^/(KTG/me) at the
sheath boundary. The plasma density falls gradually in the presheath
from the value n^ outside the presheath. According to Ref. 13, the
plasma density decreases to QAn^ at the sheath boundary.

At the sheath boundary, we consider the following boundary
conditions:

30
~dr = 0

= nn = 0.4n0

At the cylinder surface, the boundary conditions are

(2)

(3)

(4)

(5)

(6)

(7)

(8)

spacecraft
surface secondary

<|>p ion

electron

sheath sheath presheath
boundary

Fig. 1 Schematic picture of the system studied.
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At the sheath boundary, the electric potential is of the order of the
plasma temperature. Since we deal with the case where icTe <£ ec/>p
in the present paper, we neglect the potential at the sheath boundary
and approximate it by zero. The electric field at the sheath boundary
is also finite. But since it is also much smaller than the field at the
spacecraft surface, we neglect the field at rs.

When an electric sheath is formed around a biased spacecraft,
the net positive space charge per unit length of cylinder, Q+, and
the negative space charge per unit length of cylinder, Q _, satisfy the
following relation:

90 90
'87 = —(G+ + G-)

where the net charges are given by

•G
fr,

_ = -e I n&r
Jrp

fr,
+=e Ozsi + rca

Jrp

(9)

(10)

(11)
Equation (9) is derived directly by integrating the Poisson equation
in a cylindrical coordinate from rp to rs. In Eq. (11) the ions are
divided into two groups. One is the group of ions born in the sheath
due Unionization collisions, whose density is denoted by «si, and the
other is the group of ions coming from outside the presheath, n^.

From the boundary condition given by Eq. (3), the first term on
the left-hand side (LHS) of Eq. (9) vanishes. To pursue the analytical
approach to obtain the relation between rs and nn, we need a func-
tional formula to describe the electric field at the cylinder surface
rp. We approximate the electric field at rp by

90
(12)

This field is equivalent to the surface field if the voltage 0p is bi-
ased between the coaxial cylindrical electrode with no space charge
inside. Strictly speaking, this approximation is not correct and un-
derestimates the field strength at the cylinder surface, because we are
dealing with a space-charge-dominated problem. In the Appendix,
we numerically calculate the surface field for various cases and dis-
cuss the validity of Eq. (12). Using Eq. (12), we can rewrite Eq. (9)
as follows:

(13)

For a given set of (/)p and rp, the net charges Q_, Q+ and the field
strength at rs are functions of nn and rs. Then we can write the total
differential of Eq. (13) as follows:

-dr,

3G-, «drs dnn

Rewriting this equation, we obtain

+ + , - . - .= -r — dr, + - — d«n + — — dr, + - — dnndrs dnn
(14)

dttn

(15)

This gives the degree of sheath expansion for a unit increase of the
neutral density. The purpose of this section is to derive an explicit
formula for drs/dnn to integrate numerically for a given set of pa-
rameters and find the condition where the gradient dr5/dnn becomes
infinite, that is, explosive sheath expansion occurs.

Now we derive expressions for g+ and g_. The current conti-
nuity equations in the cylindrical system are given by

r dr

i a ,
-7-(r dr

(16)

(17)

where —nnaiVe on the right-hand side (RHS) corresponds to the
ionization frequency, and the negative sign comes from the fact that
the electron radial velocity is negative (see Fig. 1). In the present
paper, we are concerned whether the steady-state solution exists or
not. The transient behavior of the sheath structure is beyond the
scope of the present paper, and we neglect the unsteady term in the
continuity equations.

Integrating Eq. (16) from rs to r and Eq. (17) from rp to r, we
obtain

,) exp[-7ino/(r - r,)]never =

(18)

i»o-»(r,-^)]

(19)

where nncr;r 4C 1 is assumed. For the ambient ion density n^, we
assume the Boltzmann distribution, which is given by

nS[Vsir = (novor,){exp[-7inoi-(r - r^)] -

e</>(r)
(20)

Then, we substitute Eqs. (18-20) into Eqs. (10) and (11) and obtain

Q- = -en0vor,

Q+ = en0v0r.

a rs -I f*rs \

-dr+nno-, / ^—^dr] (21)
JrP V* /

FTP-** r ( **\*rin^i I ——— dr + eriQ I rexpl ———- dr
Jr, V" Jrp \ *TaiJ

(22)

The first term in g- is the contribution due to the ambient electrons,
and the second term accounts for the increase due to ionization. The
first term in Q+ is the contribution due to the secondary ions, and
the second term is due to the ambient ions.

Taking the partial derivatives of g_ and Q+ with respect to rs
and nn, we obtain

/ r I H _^ n-r/r, ±.r\/ — dr + /inoi-r, / ————dr + —
\4 "e / VQ v,)

(23)

+ enQrs

3fi- = -eriQVorsai -dr

ag+
3nn

= eriQVQr,
/

rs rp-r
-E——"

- « ? s^

(24)

(25)

(26)

In Eq. (23), nnairs <$C 1 is used to neglect the contribution due to
the secondary electrons to 9Q_/9ry . Substituting the above partial
derivatives into Eq. (15), we obtain
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Jr^*_raz
\ / Vcr / UP\ t / rn " «/rn e

-dr

dnn

/

rs 1 I Ts r ~— dr-nnatl I -?—
a e \ «/rD

 si

(27)

where the last terms of the RHSs of Eqs. (23) and (24) cancel each
other.

We cannot yet integrate Eq. (27), because the electron and ion
velocities are not given in functional forms yet. We now derive an
approximate formula for vs[ to substitute into Eq. (27). At a point
r, there are multiple groups of ions, which are created at different
points between rp and r . An ion born at r' is accelerated to a velocity
of i>Si(r, r') at r, which is given by

(28)

This equation merely states the energy conservation where ion-
neutral collisions are neglected and the ion is assumed to be born
with zero energy. We approximate the acceleration by

m{ dr
(29)

which leads to the potential approximated by the solution of the
Laplace equation between rp and rs. We substitute Eq. (29) into
Eq. (28) and integrate to obtain

i
(30)

In the range between r' and r' + dr', ions are created at a rate of
(—nQV0rs) nn<7i dr' per unit length of the cylinder. The contribution
to the number of ions at r from the group born between r' and
r' + dr'is

(-/loWor^nnGTfdr'
(31)

Then the average velocity of ion at r is given by summing the con-
tribution from all the groups born before r and is written as

r, r')] dr'

(32)

where 8rii(r, r') is the weighting for the group of particles born
between r' and r' + drf in calculating the average at r. We substitute
Eq. (30) into into Eq. (32) and after some algebra obtain

(33)

where the error function Erf(x) is defined as

r 9Erf (*) = / exp(-r) dr/"Jo
(34)

and

<35)

is used.
The electron velocity ve(r) is given by a similar formula to

Eq. (28):

/

r n

^- (36)

Again, we have neglected the effect of collisions on the electron
momentum increase. The effect of the secondary electrons that
have smaller energy than the primary electrons is also neglected,
because the fraction of the secondary electrons is of the order of
nncr(rs-- r)< 1 as shown in Eq. (18). Substituting Eq. (29) into
Eq. (36), we obtain the following formula for the electron velocity:

(37)

The first term in the bracket on the RHS has been neglected because
KTe/eQp <1.

Using the average ion velocity (vsi(r)) for fsi(r) in Eq. (27), the
differential equation is rewritten as

We normalize the sheath radius rs and the neutral density nn as

Xs = ~ (39)TP

? = nnatrp (40)
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Fig. 2 Nondimensional functions A (;&) (circles) and B(XS) (squares).

Then Eq. (38) is rewritten in a nondimensional form as follows:

(41)
where D\ and D2 are constants given by

01 = -4:-

(43)

where XD is the Debye length at the ambient plasma, for which the
plasma density is nx, and the electron temperature is KTe, that is,

(44)

A(x.)

The factor of 0.4 in Eq. (42) comes from the fact n0 = 0.4ttoo. Also,
A(XS), B(XS), and C(xs) in Eq. (41) are nondimensional functions
of Xs given by

f X s t___

(45)

(46)

(47)

(48)

We plot the functions A(x,) and B(XS) in Fig. 2. In the limit of thick
sheath, x^ > 1, the functions approach

A(v *| — ^1_v2 CAQ^
^KAJ/* — A f v*"/

B(X.) = ̂  X, (50)

In the opposite limit of a thin sheath, Xs — 1 <SC 1, they approach

(51)

C(x.) = X/l

Integrating by parts, the function A(x.,) is rewritten as

A(/,) = -(x^(x,)- / exp(*2)df

E,
CO

i
i

20

15

10

5

0

: V0.1(eV),a=2x10-(m2) ^_ n^ •

-m =3.0x1 0'26(kg) / * -
I ^=1000(V) J -B-n l̂O"^-3) :

:g 0 *~*~^ -^-ivIO'W) :

— e —— B- — a —— a —— B — — :

: :
101 1016

Neutral density (m"3)
10'

Fig. 3 Sheath radius vs neutral density for rp = 1 m.

To integrate the differential equation (41) we need an initial value
for Xs at £ -> 0. Since we are dealing with very high potential
compared to Te, the orbital motion can be neglected. In Appendix A,
we calculate the sheath thickness by solving a simple set of cold-fluid
equations. From the results, the sheath thickness is approximated
by

-0.42

Xs - 1 = 0.62 x

where &v x.v ^ X.v — 1 is used.

(53)

where 0.91 comes from 0.62(n0)~a42 = 0.91 («oo)~a42 andEqs. (4),
(6), and (44) have been used.

Finally we can numerically integrate the differential equation
from £ = 0 for a given set of ^oo, Te, rp, and $p. In Fig. 3,
we plot the integrated curves of rs(nn) for three different plasma
densities, n^ = 1010,1011, and 1012 m~3, which correspond to
low, medium, and high plasma density in the ionosphere, respec-
tively. The other parameters in the figure are rp = 1 m, Te = 0.1 eV,
a{ = 2xlO~20 m2, m{ = 3.0xlO~26 kg (water vapor), andc/)p = 1000
V. The integration is done by the fourth-order Runge-Kutta method.
At low neutral densities nn < 1015 m~3, the sheath radius varies only
a little from the collisionless limits. As the neutral density increases,
the sheath begins to expand. At the plasma density n^ = 1010 m~3,
which gives the thickest sheath and the highest probability of ioniza-
tion, the sheath increases rapidly as the neutral density approaches
1 x 1016 m~3. At the neutral density of nn = 1.0 x 1016 m~3, the
sheath radius becomes 20 m from the original 14m, and the denom-
inator in Eq. (41) becomes zero, that is, explosive sheath expansion
occurs. The situation is similar for the other values of plasma density,
though they are not as distinct as at ^00 = 1010 m~3. The denomi-
nator becomes zero at the neutral density of nn = 3 x 1016 m~3 and
nn = 8 x 1016 m~3 for the medium and high plasma densities.

The current collected by a unit length of the cylinder is given by
substituting r = rp into Eq. (18) and multiplying it by e. There-
fore, as the sheath expands infinitely, a large transient current flows
into the spacecraft surface. In reality, however, the spacecraft can-
not collect an infinite amount of current from the ionosphere. There
is always a mechanism that saturates the current increase. For the
present case under the unmagnetized assumption, the mechanism
is either orbital limitation on the electron motion inside the sheath,
or the resistivity of the spacecraft body, by which the large elec-
tron current drives the positive surface potential down. The orbital
limitation begins to appear when the sheath radius increases to
rs ™ rp^(e(f>p/KTe). For the case shown in Fig. 3, this number be-
comes rs « 100 m. For ne = 1012 m~3, the sheath radius of 100 m
is more than 30 times the value at nn -» 0. It is an interesting ques-
tion whether the current is really orbit-limited at this value, because
collision with neutrals, which is very probable within this distance,
would mitigate the orbital limitation. Therefore, the current might
grow until the effect of the spacecraft resistivity begins to appear.
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It is worthwhile to seek an expression for the critical neutral
density, that is, the density where the explosive sheath expansion
occurs. It occurs when the denominator of Eq. (41) becomes zero.
Equating the denominator to zero, we have

"I

(^Xsc^Xl XsC J

A(x.c)
(54)

+

One obstacle here is that we cannot explicitly give the nondimen-
sional sheath thickness xsc in the above equation. It is obtained only
by integrating Eq. (41) from £ = 0. The critical sheath radius Xsc is
the value where the sheath increases rapidly from the collisionless
value. We place our emphasis here on understanding the paramet-
ric dependence of the critical neutral density, and we approximate
Xsc by the value at the collisionless limit, that is, the one given by
Eq. (53). Using Eqs. (42) and (53), the constant DI in the numerator
is approximated by

1
1 ~ 0.4V2 V °-91 /

Then the critical condition is rewritten as

(55)

. + £{£>]

(56)
+

Physically, the first term in the bracket of the numerator corresponds
to the electric field increase at the cylinder surface, and the second
term corresponds to the increase of ambient charge, f(ne - n^) dr.
The denominator corresponds to the increase of the secondary ions.
In the thick-sheath limit, xs » 1. tne first term in the numerator
can be approximated by 0.3. Then, using Eqs. (49) and (50), we can
rewrite Eq. (56) as

0.3 + V2/2 ) =0.8—
/ .Xs

for x.»l (57)

In the thin-sheath limit, x.y -1 < 1, we can neglect the second term
in the numerator of Eq. (56) because B(XS)/XS = V(Xs - 1) < 1
from Eq. (52). Then, using Eqs. (51) and (52), we have

\2.38 1

2'38

2.2D
(Xs ~ D

. -n3 Y 3
2.2D2

(X, - D3X,3 (X. - D,0.62 for x.v - 1
(58)

Using Eqs. (39), (40), (43), and (53), we rewrite Eqs. (57) and (58)
in dimensional form. Then the critical neutral density in the real
dimensions is given by

0.63

—~ } for r5

for rs

(59)

(60)

We plot the critical neutral density given by Eq. (56) in Figs. 4
and 5. Figure 4 shows the critical neutral density for three different
plasma densities used in Fig. 3. The sheath radius rs that is used
to evaluate the integral is also shown. The electron temperature

10'

£ 10'

I10 '6

1011

r =1(m),Te=0.1(eV)

a=2x10-20(m2)

m =3.0x10'26(kg)

plasma density
O 1010m-3

D 1011m-3

A 1012m'3

ET

100

10

10 100 1000
Surface potential (volt)

1
10000

Fig. 4 Critical neutral density and sheath radius for various cylinder
surface potentials </>p.

10"

t
210

101

-rp=1(m)

-r=0.1(m)

-r=10(m)

Eq. 59 with r=0.1(m)

— --Eq.60withr=10(m)p

- n =1x1011(m'3)
Te=0.1(eV)

a=2x10"20(m2)

m=3.0x10'26(kg)

10 100 1000
Surface potential (volt)

10000

Fig. 5 Critical neutral density for various cylinder surface poten-

is 0.1 eV, and the cylinder radius is chosen to be 1m. The ion
mass is m{ = 3.0 x 10~26 kg (water vapor), and the ionization cross
section a/ =2 x 10~20 m2 is assumed. The lower plasma density
gives the lower critical neutral density because it gives a thicker
sheath, causing more ionization. The critical neutral density lies
between 1018 and 1016m~3. This level of neutral contamination
around a spacecraft is not unrealistic. Therefore, further study is
needed to make a more accurate prediction.

Figure 5 shows the dependence of the critical neutral density
on the cylinder radius where the plasma density is n^ = 1011 m~3

and the electron temperature is TQ = 0.1 eV. In the figure, we also
plot the two limiting cases given by Eqs. (59) and (60). For the
small cylinder radius rp = 0.1 m and a large potential, the sheath
structure approaches the thick-sheath limit, Xs — 1^1- Then the
power scaling of nnc to 0P approaches -0.63 as given by Eq. (59). On
the other hand, as the cylinder radius rp increases and the potential
(j)p decreases, the sheath structure approaches the thin-sheath limit,
Xs - 1 <£ 1. Then the power scaling of nnc to (f>p approaches -0.39
as given by Eq. (60).

MC-PIC Simulation and Discussion
In this section we employ a MC-PIC code to check the validity

of the results in the previous section. The MC-PIC code used in
this paper was originally developed by Cho to calculate the arcing
onset phenomena on high-voltage solar arrays.14 The details of the
code are described in Ref. 15. The code is one dimensional in space
(r direction only) and three dimensional in velocity (vr, VQ, vz). As
the neutral species we consider water vapor (H2O) and use a re-
alistic set of collision cross-section data. The cross sections for
elastic vibrational excitation, electronic excitation, ionization, at-
tachment, and charge transfer are tabulated at every 0.1 eV of the
collision energy up to 1000 eV. The differential cross sections are
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(a) n=1x1015(m"3)
n

(b) n=7x1017(m"3)
n

(c) n=9x1017(m'3)

Fig. 6 MC-PIC result of electric potential variations inside the sheath.

also included for calculating the after-collision particle velocity and
energy. A test of the quantitative accuracy of the cross-section data
is made by calculating the electron swarm and ion drift properties.15

The coordinate system is the same one as shown in Fig. 1. We as-
sume a Maxwellian plasma outside the computational domain and
inject the electrons and ions from the outer boundary according to
the thermal flux. At the inner boundary, the potential is held at a
constant value cf)p, and all the particles that hit the inner boundary
are absorbed and leave no charge on the surface.

The ion-to-electron mass ratio is 100. The artificial ion masses
can speed up the computation, but at the same time we lose time
accuracy. The purpose of the MC-PIC simulation in the present paper
is to study whether a stable steady-state sheath structure is possible
and the neglect of time accuracy is justified. Also, Eq. (41) contains
the effect of the mass ratio in the form of *J(mQ/m\). Therefore,
if we substitute D2 = V(me/wi) =0.1, we can directly compare
the result given by the previous cold-fluid analysis with the particle
simulation results.

Curve (a) in Fig. 6 shows the steady-state potential for the case of
(j)p = 500 V, rp = 1 m, noo = 1 x 1011 nr3, Te = 0.1 eV, 7- =0.1 eV,
nn = 1015 m~3. The initial condition for the simulation is given by
loading the Maxwellian plasma with n^, Te, and 7]. The number of
grids in the computational domain is 625. Each grid cell corresponds
to Ar = 0.008 mm. The inner boundary (the spacecraft surface) is
biased suddenly to the potential (/)p at t = 0. After some transient
time, the plasma reaches the steady state. The steadiness is judged by
monitoring the current collected by the surface. The sheath structure
shown as curve (a) in Fig. 6 corresponds to copQt = 3700.

Using the sheath structure shown as curve (a) in Fig. 6 as the initial
condition, we now vary the uniform neutral density. Curves (b) and
(c) in Fig. 6 show the sheath structures after they reach the steady
state. The cases other than nn = 1015 m~3 use the plasma condition
at copet = 3700 for nn = 1015 m~3 as the initial condition. It is as
if the neutral density were suddenly increased at copQt = 3700. As
we increase the density beyond nn = 2.5 x 1017 m~3, the sheath
boundary begins to expand outward. A steady sheath structure is still
possible up to nn = 9 x 1017 m~3. As the density increases beyond
ran = lx l0 1 8 m~ 3 , however, the sheath boundary keeps increasing
and exceeds the computational boundary. Therefore, it is concluded
that the critical neutral density lies somewhere between 9 x 1017

and 1 x 1018 nr3.
In Fig. 7, we show the steady-state sheath radius calculated by the

MC-PIC simulations. The sheath radius is determined as the point
where the radial electric field becomes zero as seen at the cylinder
surface. Inside the sheath the electric field — d(f>/dr is positive ev-
erywhere. The points shown in Fig. 7 are the time-averaged values.
The points of zero electric field fluctuate to some extent because of
the plasma fluctuation outside the sheath boundary. Therefore, we
put error bars on the points in Fig. 7, which indicate the standard
deviation of the zero-field positions. In the figure we also plot the
sheath radius calculated by integrating Eq. (41) from rs = 4.17 m
at nn = 1015 m~3 with D2 = 0.1. The initial condition is deter-
mined by Eq. (53).
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The prediction made by the cold-fluid analysis agrees very well
with the particle simulation result. The cold-fluid approximation
predicts the sheath explosion at nn = 1 x 1017 m~3, and the MC-PIC
simulation shows the explosion between 9 x 1017 and 1 x 1018 m~3.
It is only a matter of seconds on a desk top computer to integrate
Eq. (41) and find the critical neutral density. On the other hand,
it takes days for the particle simulation to calculate all the cases
shown in Fig. 7. Since the cold-fluid analysis gives the prediction
with error less than one order of magnitude, it is a reasonable tool
for calculating the critical neutral density.

To compare the present result with the work of Cooke and Katz,7
we plot the critical neutral densities calculated by Eqs. (1) and (56) in
Fig. 8. In the figure we also plot the result obtained from an MC-PIC
simulation where the parameters are different from the one shown in
Fig. 7. In this MC-PIC simulation, the mass ratio mt/m\ — 0.01 is
used and the space charge due to the secondary ions is corrected by
a method described in Ref. 15 to adjust the result to real mass ratio
me/Wi = 3.0 xlO~5 . In the figure, the thick curve is calculated from
Eq. (56) by evaluating the functions A(XS) and B(XS) numerically.
The thin-sheath limit is calculated by Eq. (60).

The curve by Eq. (56) again agrees very well with the MC-PIC
simulation, which shows the validity of the cold-fluid analysis. At
a low surface potential, the sheath is thin and the curve of Eq. (56)
approaches the limit given by Eq. (60), which has the scaling of
—0.39 to the surface potential. The prediction given by Eq. (1) is
for the planar geometry and should be compared with the thin-
sheath limit. The thin-sheath limit given by Eq. (60) has the power
scaling of —0.39 to the surface potential instead of —0.75 for the
planar prediction, though the critical neutral densities agree for this
particular case at low voltage. The difference in the scalings comes
from the fact that we used the single formula given by Eq. (53) to
express the parametric dependence of the sheath thickness to derive
Eq. (60) from Eq. (58). Equation (58) can also be written as

(x, -1) (61)
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For the extremely thin case where A/) <$C rp, we can approximate
the geometry as planar and the sheath thickness rs — rp should have
a scaling of

rs - oc (62)

instead of Eq. (53). Then, using Eqs. (39), (40), (42), (43), and
(62), the critical neutral density should reduce to the same scaling
asEq. (1):

(63)

Conclusion
The use of high voltage in future space missions requires re-

search on the subject of spacecraft environmental interactions. To
determine the spacecraft ground potential, it is essential to know the
current-voltage characteristic of the spacecraft surface with a high
electric potential. In the present paper we have studied the sheath
structure around a cylindrical spacecraft biased to a positive poten-
tial and surrounded by a water-vapor cloud with a uniform density.
The sheath structure determines the amount of current the spacecraft
collects from the ambient plasma.

An explosive sheath expansion can occur if the neutral den-
sity around the spacecraft body exceeds a certain value and the
spacecraft surface has a positive high potential. Once ionization
occurs inside the sheath, the secondary ions stay longer in the
sheath than the secondary electrons, because of their low mobil-
ity. The electric sheath boundary expands outward to compen-
sate for the relative loss of the negative charge, and above a cer-
tain degree of ionization the boundary expands infinitely. We have
carried out a cold-fluid analysis to derive an expression for the
critical neutral density above which such an explosive sheath ex-
pansion occurs for a given set of parameters. For typical condi-
tions, the critical neutral density lies between 1016 and I'O18 m~3,
which is not an unrealistic range in the contaminated near-spacecraft
environment.

An MC-PIC simulation has been carried out to check the quan-
titative accuracy of the cold-fluid analysis. The simulation shows
that the sheath boundary really expands outward once a sufficient
amount of ionization occurs inside the sheath. The MC-PIC re-
sult indicates the cold-fluid analysis can predict the critical neutral
density with the error less than one order of magnitude. Since it
takes only a matter of seconds on a desktop computer to calcu-
late the critical neutral density by the analytical expression de-
rived in the present paper, it can serve as an easy reference in
future work.

In the present paper, we have neglected the effects of magnetic
field, which might affect the electron motion inside the sheath dras-
tically. This issue should be studied in future work.

Appendix: Collisionless Sheath Thickness
In this appendix we calculate the sheath thickness around a cylin-

drical object. We consider a case where the electric potential is so
high that the orbital motion of particle can be neglected. Using the
same coordinate system as the one shown in Fig. 1, we solve the
following equations:

3ve
; dr

_£_30

mft 3r (Al)

1 3 / 3(A e \ ( e(j>\ now,]
-— r — =——Uoexp( -—r ) - — — — • (A2)
r dr\ dr J e01_ \ *?*) *V J

The boundary conditions are 0(rp) = 0p, ve(rs) = VQ =
- V(/cre/me), 0(ry) = 0 , 3 ( / > / d r ( r s ) = 0. We nondimensionalize the
variables in the following manner:

Then the differential equations (Al) and (A2) are reduced to the
following single differential equation:

—
dz

a] fV^T / ai \ 1 1= —r? ^~exP ~ ~ ̂  - ——.a I * V *2 / *,*V1M+2^J
(A3)

where the nondimensional parameters a\,a<i, and 03 are given by

Zk
Te

rD

The boundary conditions are ^(zs) = 0 and di///dz(zs) = 0. We
assume some zs between 0 and 1 and numerically integrate Eq. (A3)
from z = zs to z = 1. This is repeated until we find zs that gives
T/T = 1 at z = 1. We use the fourth-order Runge-Kutta method, and
the iteration is repeated until the error |^r (z = 1) - 11 becomes less
than 0.001.

We plot the numerical result in Fig. Al. In the figure we plot the
sheath thickness (rs — rp)/rp against the nondimensional parameter
a\/a}-5, for 1600 combinations of the parameters within the ranges
103 < a\< 105, 0.1 < a2 < 1, 10 < a3 < 104. The results shown
in Fig. Al can be approximated by

-0.42

(A4)

This formula gives an approximation of the numerical results shown
in Fig. Al within an error of 2% on average and 11% at maximum.

We also can calculate the electric field at the cylinder surface by
integrating Eq. (A3). The use of Eq. (12), which approximates the
cylinder surface field by the electric field at zero space charge, un-
derestimates the cylinder surface field and leads to an underestimate
of the critical neutral density. The result indicates that Eq. (12) is a
good approximation for large a\, small a2, and small a3, that is, a
thick-sheath. In the limit of fli .= 105,a2 = 0.1, and a3 = 10, which
gives thick-sheath limit, Eq. (12) underestimates the surface field by
only 9%. This error leads to only 3% error in the numerical factor
of the critical neutral density given by Eq. (59). In the opposite limit
of a\ = 103, a2 = 1, and «3 = 104, which corresponds to the thin-
sheath limit, Eq. (12) underestimates the surface field by 59%. This
leads to a 59% error of the critical neutral density given by Eq. (60).
Since we are mostly concerned with a case of high voltage, that is,
large a\ and a thick sheath, the use of Eq. (12) causes only a minor
error in the estimate of the critical neutral density.

10° E •'"""!
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*,' Fig. Al Nondimensional sheath thickness.
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